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Abstract
In this paper, we investigate the structures of an extremal tree which has the min-
imal number of subtrees in the set of all trees with the given degree sequence of a
tree. In particular, the extremal trees must be caterpillar and but in general not unique.
Moreover, all extremal trees with a given degree sequence pi = (d1, · · · , d5, 1, · · · , 1)
have been characterized.
Key words: Tree; subtree; degree sequence; caterpillar;
AMS Classifications: 05C05, 05C30
1 Introduction
Let T = (V, E) be a tree with vertex set V(T ) and edge set E(T ). vertices of degree 1 of
T are called leaves. For any two vertices u, v ∈ V(T ), the distance between two vertices u
and v, denoted by dT (u, v) (or d(u, v) for short), is length of the unique path PT (u, v) joining
u and v in T . Then D(T ) = max{d(u, v)|u, v ∈ V(T )} is the diameter of tree T . Moreover,
we use NT (v) to indicate the neighbors of vertex v and d(v) = |NT (v)| is the degree of v. A
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caterpillar is a tree, which has a path, such that every vertex not on the path is adjacent to
some vertex on the path.
For a tree T = (V(T ), E(T )) and v1,v2,. . . ,vm−1,vm ∈ V(T ), let fT (v1, v2, . . . , vm−1, vm) de-
note the number of subtrees of T that contain the vertices v1, v2, . . . , vm−1, vm. In particular,
fT (v) denotes the number of subtrees of T that contain v. Let ϕ(T ) denote the number of
non-empty subtrees of T . For other terminology and notions, we can follow from [2].
The number of subtrees of a tree has received much attention, since it can reveal some
different structures and characterization of a tree. It is well known that the path and the star
K1,n−1 have the smallest and largest numbers of subtrees among all trees of order n, respec-
tively. Roughly speaking, the less branched the tree is, the smaller the number of subtrees.
A observation is that trees with the same maximum degree appear to be clustered together
in this order. One may wonder which trees have the largest or smallest Wiener index un-
der the restriction of maximum degree. Kirk and Wang [5] characterized the extremal tree
with given a order and maximum vertex degree which have the largest number of subtrees.
Recently, Zhang et.al. determined the extremal trees with give a degree sequence that have
the largest number of subtrees. For other related results, the authors can be referred to
[10, 12]. On the other hand, Heuberger and Prodinger [4] presented formulas to calculate
the number of subtrees of extremal trees among binary trees. Yen and Yeh [18] gave a
linear-time algorithm to count the subtrees of a tree. Eistenstat and Gordon [3] constructed
two non-isomorphic trees that have the same the number of subtrees, which are related to
the greedoid Tutte polynomial of a tree. Further an interesting fact is that among above
every kind of trees, the extremal one that maximizes the number of subtrees is exactly the
one that minimizes some chemical indices such as the well known Wiener index (see [17]
for details) and vice versa.
Although a counter example has showed in [15] that no ’nice’ functional relationship
exits between these two concepts, the results are extended to some other kind trees. Such
as, recently, the extremal one that maximizes the number of subtrees among trees with
a given degree sequence are characterized in [21] and the extremal structures once again
coincide with the once found for the Wiener index [16] and [19], respectively. When the
extremal one that maximizes the Wiener index with a given degree sequence are istudied
in [9] and [20]. Then it is natural to consider the following question.
Problem 1.1 Given the degree sequence and the number of vertices of a tree, find the lower
bound for the number of subtrees, and characterize all extremal trees that attain this bound.
It will not be a surprise to see that such extremal trees coincide with the ones that attain
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the maximal Wiener index. The rest of the paper is organized as follows. In Section 2,
we prove that a minimum optimal tree must be a caterpillar. In Section 3, we discuss
some properties of the extremal tree with minimal (maximal) number of subtrees among
caterpillar trees with given order and degree sequence. In Section 4, the extremal trees with
minimal subtrees among given degree sequence pi = (d1, d2, · · · , dn), where d1 ≥ · · · dk ≥
2 > dk+1 = 1 and k ≤ 5 are characterized. Moreover, the extremal minimal trees are not
unique.
2 Properties of optimal minimal trees with a given degree
sequence
For a nonincreasing sequence of positive integers pi = (d1, d2, · · · , dk, · · · dn), d1 ≥ d2 ≥
· · · ≥ dk ≥ 2 and dk+1 = · · · = dn = 1. If pi is the degree sequence of a tree, let Tpi denote
the set of all trees with pi as its degree sequence. For convenience, we refer to trees that
maximize (minimize) the number of subtrees as maximum (minimum) optimal. The main
result of this section can be stated as follow.
Theorem 2.1 Let pi = (d1, d2, · · · , dk, · · · dn) be the degree sequence of a tree with d1 ≥ d2 ≥
· · · ≥ dk ≥ 2 and dk+1 = · · · = dn = 1. If T ∗ is a minimum optimal tree in Tpi, then T ∗ must
be a caterpillar.
Proof. Let T ∗ ∈ Tpi be a minimum optimal tree. If the diameter D(T ∗) is equal to 2, then
T ∗ is K1,n−1, and also is caterpillar. If D(T ∗) = 3, then the degree sequence of T ∗ must
be pi = (d1, d2, 1, · · · , 1) and d1 ≥ d2 ≥ 2. It is easy to see that T ∗ is a caterpillar. Hence
we only need to prove the assertion for D(T ∗) ≥ 4 and at least three internal vertices. Let
P = v0v1v2 · · · vr be the longest path in T ∗, where r = D(T ∗). Then d(v0) = d(vr) = 1 and
d(v1), · · · , d(vr−1) ≥ 2, which implies that there are at least r−1 vertices with at least degree
2. So k ≥ r − 1. Now we have the following claim
Claim: k = r − 1.
If k > r − 1 then T ∗ is not a caterpillar. Thus there exists a vertex y < V(P) and
2 ≤ l ≤ r − 2 such that the edge yvl ∈ E(T ) and NT (y) = {vl, x1, x2, · · · , xs}, s ≥ 1. More-
over, T − {vlvl+1, vly} has three connected components, W1,W2,W3 which contain vl, vl+1, y,
respectively. Without loss of generality, we assume that fT1(vl) > fT2(vl+1). Further let Vi
be the connected component of T − {vi−1vi, vivi+1} containing vertex vi and ai = fVi(vi) for
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l ≤ i ≤ r − 1 (for convenience, ar = 1). Moreover, denote bl = fW1(vl) and a = fW3(y) > 1.
Then
bl > al+1(1 + al+2 + al+2al+3 + · · · + al+2al+3 · · · ar). (1)
Let T ′ be a tree with degree sequence pi obtained from T ∗ by deleting the edges yx1, yx2, · · · ,
yxs in T ∗ and adding the edges vr x1, vr x2, · · · , vr xs. Obviously, T ′ ∈ Tpi. Let W ′3 be the
connected component of T ′ − {vr−1vr} containing vertex vr. Then W ′3 is isomorphic to W3
and fW′3(vr) = fW3(y) = a. Clearly, the number of subtrees of T ∗ with containing vr, y is
equal to the number of subtrees of T ′ with containing vr, y. The number of of subtrees of
T ∗ without containing vr, y is equal to the number of subtrees of T ′ without containing vr, y.
The number of of subtrees of T ∗ with containing y and no containing vr is equal to a(1+bl+
blal+1 + · · ·+ blal+1 · · · ar−1), while the number of of subtrees of T ′ with containing y and no
containing vr is equal to 1+bl+blal+1+ · · ·+blal+1 · · · ar−1. The number of of subtrees of T ∗
with containing vr and no containing y is equal to 1+ar−1+ar−1ar−2+ · · ·+ar−1ar−2 · · · al+1bl
, while the number of of subtrees of T ′ with containing vr and no containing y is equal to
a(1 + ar−1 + ar−1ar−2 + · · · + ar−1ar−2 · · · al+1bl). Hence by equation (1) and a > 1,
ϕ(T ′) − ϕ(T ∗) = (1 − a)[bl + blal+1 + blal+1al+2 + · · · + blal+1al+2 · · · ar−2
−ar−1 − ar−1ar−2 − · · · − ar−1ar−2 · · · al+1]
< 0.
It contradicts to T ∗ being an minimum optimal tree. Hence the claim holds and T ∗ is a
caterpillar.
3 Properties of optimal trees among caterpillars with a
given degree sequence
In this section, we study some properties of optimal minimal (maximal) trees in the set
of all caterpillars for a given degree sequence, since an optimal minimal tree in the set
of all trees with a given degree sequence must be caterpillar. For graphic sequence pi =
(d1, d2, · · · , dk, · · · dn) of a tree with d1 ≥ d2 ≥ · · · ≥ dk ≥ 2 and dk+1 = · · · = dn = 1 with
k ≥ 2, let
Cpi = {T : T is a caterpillar with degree sequence pi}.
If (y1, y2, · · · , yk) is a permutation of (d1−2, d2−2, · · · , dk−2), then the caterpillar C(y1, · · · , yk)
is obtained from a path v0v1v2 · · · vkvk+1 by adding y1, · · · , yk pendent edges at v1, · · · , vk,
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respectively. Clearly, C(y1, · · · , yk) ∈ Cpi. Conversely, for any T ∈ Cpi, T can be ob-
tained in this way. Moreover, let V j, V≥ j and V≤ j denote the connected component of
C(y1, y2, · · · , yk) containing v j after deleting the two edges v j−1v j and v jv j+1, the edge v j−1v j,
and the edge v jv j+1, respectively, for j = 1, · · · , k. For convenience, let V0 = V≤0 = {v0} and
Vk+1 = V≥k+1 = {vk+1}.
Lemma 3.1 Let T be a tree C(y1, · · · , yk) in Cpi with the spine v0v1 · · · vk+1. If there exists a
2 ≤ p ≤ k − 1 such that fVp−i(vp−i) ≥ fVp+i(vp+i) for i = 1, · · · , q and q ≤ min{k − p, p − 1}
with at least one strict inequality and fV≤p−q−1(vp−q−1) > fV≥p+q+1(vp+q+1), then there exists a
caterpillar T1 ∈ Cpi such that
ϕ(T1) < ϕ(T ).
Proof. Let W be the connected component of T by deleting the two edges vp−q−1vp−q
and vp+qvp+q+1 and containing vertices vp−q and vp+q. Let X be obtained from the V≤p−q
by adding the edge vp−q−1vp−q and let Y be obtained from the V≥p+q+1 by adding the edge
vp+qvp+q+1. Then fX(vp−q) > fY(vp+q). Further, by Lemma 3.1 in [5], fW(vp−q) > fW(vp+q).
Now let T1 be the caterpillar from T by deleting two edges vp−q−1vp−q and vp+qvp+q+1 and
adding two edges vp−q−1vp+q and vp+qvp−q−1. Then T1 ∈ Cpi. By Lemma 3.2 in [5], ϕ(T1) <
ϕ(T ). Hence the assertion holds.
Similarly, we can prove the following assertion by the same method and omit the detail.
Lemma 3.2 Let T be a tree C(y1, · · · , yk) in Cpi with the spine v0v1 · · · vk+1. If there exists a
1 ≤ p ≤ k − 1 such that fVp−i(vp−i) ≥ fVp+i+1(vp+i+1) for i = 0, 1, · · · , q and q ≤ min{k − p −
1, p − 1} with at least one strict inequality and fV≤p−q−1(vp−q−1) > fV≥p+q+2(vp+q+2), then there
exists a caterpillar T1 ∈ Cpi such that
ϕ(T1) < ϕ(T ).
It follows from Lemmas 3.1 and 3.2 that we have got a property of an optimally minimal
caterpillar tree in Cpi.
Corollary 3.3 Let T be a minimum optional tree C(z1, · · · , zk) with the spine v0v1v2 · · · vkvk+1
in Cpi.
(i). If there exists a 2 ≤ p ≤ k − 1 such that fVp−i(vp−i) ≥ (or ≤) fVp+i(vp+i) for
i = 1, · · · , q and q ≤ min{k − p, p − 1} with at least one strict inequality, then
fV≤p−q−1(vp−q−1) ≤ (or ≥) fV≥p+q+1(vp+q+1). (2)
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(ii). If there exists a 1 ≤ p ≤ k − 1 such that fVp−i(vp−i) ≥ (or ≤) fVp+i+1(vp+i+1)
i = 0, · · · , q and q ≤ min{k − p − 1, p − 1} with at least one strict inequality, then
fV≤p−q−1(vp−q−1) ≤ (or ≥) fV≥p+q+2(vp+q+2). (3)
Further, we present another property of a minimal optimal tree in Cpi.
Theorem 3.4 Let pi = (d1, d2, · · · , dk, · · · dn) be the degree sequence of a tree with d1 ≥ d2 ≥
· · · ≥ dk ≥ 2 and dk+1 = · · · = dn = 1, where k ≥ 3. If C(z1, z2, · · · , zk) is a minimal optional
caterpillar in Cpi with z1 ≥ zk, then there exists a positive integer number 1 ≤ t ≤ k − 1 such
that
z1 ≥ z2 · · · ≥ zt−1 > zt = dk − 2
and
zt ≤ zt+1 · · · ≤ zk.
Proof.. We consider the following three cases.
Case 1: d1 = · · · = dk. Clearly, the assertion holds.
Case 2: d1 > d2 = · · · = dk. Suppose (for contradiction) that there exists 2 ≤ l ≤
k − 1 such that zl = d1 − 2. If l is odd, let 2 ≤ p = l+12 ≤ k − 1 and q =
l−1
2 . Then
fVp−i(vp−i) = fVp+i(vp+i) for i = 1, · · · , q − 1 and fVp−q(vp−q) = 2d2−2 < 2d1−2 = fVp+q(vp+1).
Hence by (i) of Corollary 3.3, we have fV≤p−q−1(vp−q−1) ≥ fV≥p+q+1(vp+q+1), which implies
1 = fV0(v0) ≥ fV≥p+q+1(vp+q+1) = fV≥l=1(vl+1). It is a contradiction. If l is even, let p = l2 and
q = l2 − 1. Similarly, by (ii) of Corollary 3.3, we have 1 = fV0(v0) ≥ fV≥l=1(vl+1). It is a
contradiction. So the assertion holds.
Case 3: d2 > dk. We have the following Claim: zk > dk − 2. In fact, suppose that
zk = dk − 2. Then there exists a 3 ≤ s ≤ k such that zs−1 > zs = · · · = zk = dk − 2. If k + s is
odd, let p = k+s−12 and q =
k−s+1
2 . Then fVp−i(vp−i) = fVp+i(vp+i for i = 1, · · · , q − 1 and
fVp−q(vp−q) = fVs−1(vs−1) = 2zs−1 > 2zk = fVk(vk) = fVp+q(vp+q).
Then by (i) of Corollary 3.3, we have
fV≤s−2(vs−2) = fV≤p−q−1(vp−q−q) > fV≥p+q+1(vp+q+1) = fVk+1(vk+1) = 1.
It is a contradiction. If k + s is even, by similar method and applying (ii) of Corollary 3.3,
we also get the contradiction. Hence the Claim holds.
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Further, there exists two integers 2 ≤ t ≤ l ≤ k − 1 such that zt−1 > zt = dk − 2 and
zt = · · · = zl < zl+1. Then fVt−1(vt−1) = 2zt−1 > 2zt = fVt(vt). Hence by (i) of Corollary 3.3,
fV≤t−2(vt−2) ≤ fV≥t+1(vt+1). Therefore, for any 1 ≤ j ≤ t − 2 we have
fV≤ j−1(v j−1) < fV≤t−2(vt−2) ≤ fV≥t+1(vt+1) ≤ fV≤ j+2(v j+2).
Hence by (i) of Corollary 3.3, we have fV j(v j) ≥ fV j+1(v j+1), i.e., 2z j ≥ 2z j+1 . So z1 ≥ z2 ≥
· · · ≥ zt−1 > zt.
Since zl < zl+1, we have fVl(vl) < fVl+1(vl+1). By (i) of Corollary 3.3, fV≤l−1(vl−1) >
fV≥l+2(vl+2). Then for any l + 1 ≤ j ≤ k − 1, we have
fV≤ j−1(v j−1) ≥ fV≤l−1(vl−1) ≥ fV≥l+2(vl+2) > fV≤ j+2(v j+2).
Hence by (i) of Corollary 3.3, we have fV j(v j) ≤ fV j+1(v j+1), i.e., 2z j ≤ 2z j+1 . So zl < zl+1 ≤
· · · ≤ zk. We finish our proof.
Similarly, there is a property of a maximum optional caterpillar with a given degree
sequence.
Theorem 3.5 Let pi = (d1, d2, · · · , dk, · · · dn) be the degree sequence of a tree with d1 ≥ d2 ≥
· · · ≥ dk ≥ 2 and dk+1 = · · · = dn = 1, where k ≥ 3. If C(z1, z2, · · · , zk) is a maximal optional
caterpillar in Cpi, then there exists an integer 1 ≤ t ≤ k − 1 such that
z1 ≤ z2 · · · ≤ zt−1 < zt
and
zt ≥ zt+1 · · · ≥ zk.
Proof. The proof is similar to that of Theorem 3.4 and omitted.
4 The optimal minimal trees with many leaves
In this section, for a given degree sequence pi = (d1, d2, · · · , dk, · · · dn) with at least n − 5
leaves, we give the minimal optimal trees with the minimum number of subtrees in Tpi.
Moreover, the minimal optimal trees may be not unique.
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Theorem 4.1 Let pi = (d1, d2, · · · , dk, · · · , dn) be tree degree sequence with n − k leaves for
2 ≤ k ≤ 4. Then the minimal tree in Tpi is unique. In other words,
(i). If k = 2, then ϕ(T ) = 2n−2 + 2d1−1 + 2d2−1 + n − 2 for any T ∈ Tpi.
(ii). If k = 3, then for any T ∈ Tpi,
ϕ(T ) ≥ ϕ(C(d1 − 2, d3 − 2, d2 − 2)) = n− 3+ 2d1−1 + 2d2−1 + 2d3−2 + 2d1+d3−3 + 2d3+d2−3 + 2n−3.
with equality if and if T is the caterpillar C(d1 − 2, d3 − 2, d2 − 2).
(iii). If k = 4, then
ϕ(T ) ≥ ϕ(C(d1 − 2, d4 − 2, d3 − 2, d2 − 2))
= n − 4 + 2d1−1 + 2d2−1 + 2d3−2 + 2d4−2 + 2d1+d4−3 + 2d3+d4−4 + 2d3+d2−3
+2d1+d4+d3−5 + 2d2+d3+d4−5 + 2n−4
with equality if and only if T is the caterpillar C(d1 − 2, d4 − 2, d3 − 2, d2 − 2).
Proof. (i). k = 2. Then T must be C(d1 − 2, d2 − 2) or C(d2 − 1, d1 − 2), it is to see that
ϕ(C(d1 − 2, d2 − 2)) = ϕ(C(d2 − 1, d1 − 2)) = 2n−2 + 2d1−1 + 2d2−1 + n − 2.
(ii). k = 3. Then T must be one of C(d1 − 2, d2 − 2, d3 − 2),C(d1 − 2, d3 − 2, d2 − 2) and
C(d2 − 2, d1 − 2, d3 − 2). By Theorem ??,
ϕ(T ) ≥ ϕ(C(d1 − 2, d2 − 2, d3 − 2))
with equality if and only if T is C(d1 − 2, d3 − 2, d2 − 2)) and
ϕ(C(d1 − 2, d3 − 2, d2 − 2)) = n − 3 + 2d1−1 + 2d2−1 + 2d3−2 + 2d1+d3−3 + 2d3+d2−3 + 2n−3.
(iii). k = 4. Let T ∗ be any minimal optimal tree in the set of all trees with pi =
(d1, d2, d3, d4, 1, · · · , 1) and d4 ≥ 2. By Theorem 2.1 and 3.4, T ∗ must be caterpillar and be
one of C(d1 − 2, d2 − 2, d4 − 2, d3 − 2), C(d1 − 2, d3 − 2, d4 − 2, d2 − 2) and C(d1 − 2, d4 −
2, d3 − 2, d2 − 2). Further, by lemma 3.1, T ∗ must be C(d1 − 2, d4 − 2, d3 − 2, d2 − 2) and
ϕ(T ∗) = n−4+2d1−1+2d2−1+2d3−2+2d4−2+2d1+d4−3+2d3+d4−4+2d3+d2−3+2d1+d4+d3−5+2d2+d3+d4−5+2n−4.
This completes the proof.
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Theorem 4.2 Let pi = (d1, d2, · · · , d5, 1, · · · , 1) be tree degree sequence with n − 5 leaves.
(i). If 2d1 > 2d3−1(1 + 2d2−1) and d4 , d5, then there is exact one minimal optional tree
C(d1 − 2, d5 − 2, d4 − 2, d3 − 2, d2 − 2) in Tpi
(ii). If 2d1 = 2d3−1(1 + 2d2−1) or d4 = d5, then there are exact two minimal optional trees
C(d1 − 2, d5 − 2, d4 − 2, d3 − 2, d2 − 2) and C(d1 − 2, d4 − 2, d5 − 2, d3 − 2, d2 − 2) in Tpi.
(iii). If 2d1 < 2d3−1(1 + 2d2−1) and d4 , d5, there is exact one minimal optional tree
C(d1 − 2, d4 − 2, d5 − 2, d3 − 2, d2 − 2) in Tpi.
Proof. Let T ∗ be any minimal optimal tree in Tpi. By Theorem 2.1 and 3.4, T ∗ must be
caterpillar and C(d1 −2, x2, x3, x4, d2 −2), where (x2, x3, x4) is a permutation of (d3 −2, d4 −
2, d5 − 2).
Further, by Lemma 3.1 , T ∗ must be C(d1 − 2, d5 − 2, d4 − 2, d3 − 2, d2 − 2) or C(d1 −
2, d4 − 2, d5 − 2, d3 − 2, d2 − 2). Moreover,
ϕ(C(d1 − 2, d5 − 2, d4 − 2, d3 − 2, d2 − 2)) − ϕ(C(d1 − 2, d4 − 2, d5 − 2, d3 − 2, d2 − 2))
= 2d5−2 + 2d1+d5−3 + 2d4−2 + 2d3+d4−4 + 2d2+d3+d5−3
−[2d4−2 + 2d1+d4−3 + 2d5−2 + 2d3+d5−4 + 2d2+d3+d4−3]
= (2d5−2 − 2d4−2)[2d1 − 2d3−1(1 + 2d2−1)].
If 2d1 > 2d3−1(1 + 2d2−1) and d4 , d5, then
ϕ(C(d1 − 2, d5 − 2, d4 − 2, d3 − 2, d2 − 2)) − ϕ(C(d1 − 2, d4 − 2, d5 − 2, d3 − 2, d2 − 2)) < 0.
Hence (i)holds.
If 2d1 < 2d3−1(1 + 2d2−1) and d4 , d5, then
ϕ(C(d1 − 2, d5 − 2, d4 − 2, d3 − 2, d2 − 2)) − ϕ(C(d1 − 2, d4 − 2, d5 − 2, d3 − 2, d2 − 2)) > 0.
Hence (iii)holds.
If 2d1 = 2d3−1(1 + 2d2−1) or d4 = d5, then
ϕ(C(d1 − 2, d5 − 2, d4 − 2, d3 − 2, d2 − 2)) = ϕ(C(d1 − 2, d4 − 2, d5 − 2, d3 − 2, d2 − 2)).
Hence (ii) holds.
Remark From Theorem 4.2, we can see that the minimal optimal trees depend on the
values of all components of the tree degree sequences and not unique, while the maximal
optimal tree is unique for a given tree degree sequence. It illustrates that it is difficult to
character the minimal optimal trees for a given degree sequence of a tree.
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